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set of ordinary differential equations, is shown to be particularly 
suitable for solving moving boundary problems like Stefan melting pro- 
blem.The method enables one to model the time and space evolution of 
the thermal field both in the solid and in the liquid phase as the 
temperature hystory of a number of N selected points, which travel in 
the space domain, at speeds proportional to the unknown speed of the 
melting front. The original problem is then represented by a set of 
N+l first order ordinary differential equations,which are solved by a 
standard numerical procedure. 
INTRODUCTION 
Non linear free boundary problems have 
received renewed and increasing attention 
in recent years, in particular from a 
computational point of view, following 
the development of powerful calculations 
tools.Among these problems a classic one 
is represented by Stefan's problem of 
parabolic heat conduction where a phase 
change front moves at unknown speed. A 
fairly complete picture of the state of 
the art relative to mathematical and 
engineering aspects of this problem can 
be found,for istance,in (Fasano and Pri- 
micerio 1983, Ozisic 1980, Wilson et al. 
1978). 
In this work advantage is taken of a me- 
thod proposed by Bellman, in order to 
show a new way for dealing with the 
Stefan problem.For the sake of simplicity 
geometrical one-dimensional situations 
will be considered and simplifying 
assumptions on the transport coefficients 
of the solid and the liquid phase will 
be made.However, the procedure indicated 
here can be extended with relative ease 
to more complicated geometrical and 
physical situations. 
In the paper the basic equations gover- 
ning the moving boundary problem are 
first recalled and recast into a Laaran- 
gian formulation which is proper fo; the 
subsequent solution procedure. The main 
aspects of the Differential Quadrature 
Method (D.Q.M.) as developed by Bellman 
(Bellman et a1.1972) are then outlined 
and application is made to the case of a 
melting slab of finite thickness. Two 
situations will be considered. The first 
one, for which an analytic solution 
exists,corresponds to a solid, initially 
at the melting temperature, which melts 
after an abrupt increase of temperature 
has taken place at one of the walls of 
the slab.The second problem. for which 
no analytic solution is available, is 
relative to a slab which is, initially, 
only partially melted and which presents 
a solid and liquid phase in equilibrium 
at an interface.Do to an increase of tem- 
perature at the free surface of the solid 
region,the interface moves into the solid 
region toward a new equilibrium location. 
Since the D.Q.M. leads,in both cases indi- 
cated above,to a vector state equation 
with its proper initial condition, use is 
finally made of a fourth order Runge-Kutta 
solution procedure. The results are com- 
pared with the existing analytic solution 
if available.The conclusion at the end of 
the work show that the D.Q.M. can be a 
powerful method for dealing with non 
linear moving boundary problems. 
BASIC EQUAT,IONS 
Let L be the thickness of an infinite 
strip of a homogeneous material which is 
melting or freezing. When convection and 
radiative heat transfer are neglected,the 
solid and the liquid phases are separated 
by a plane interface parallel to the walls 
of the slab.To our purposes and without 
any great loss of generality, we suppose 
that the mass density p ,the thermal dif- 
fusivity o and the thermal conductivity I( 
are the same both in the liquid and in the 
solid region.Let X be the abscissa across 
the slab with the origin on one of the 
free surfaces and let X=S(T) be the 
equation of the melting front. In the 
following it will be assumed that the 
liquid region extends from X=0 to Xf and 
the solid phase is between Xf and L. Here 
T stays for the time. 
The temperature u(r.X) is continuous with 
X and is governed by the heat conduction 
equation: 
u(T)=auxx (1) 
in the two regions.Equation (1) is 
subjected to proper boundary conditions 
on u at X=0 and at X=L and to an initial 
condition u,=u(O.X) for T=D. 
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At the interface, u is equal to the mel- 
ting temperature and the discontinuity of 
the heat flux accounts for the latent 
heat fusion H 
N 
Ti,x (t)>Gai,jTj(t) (8) 
where Tj(t) is the temperature in xi. 
Analogously 
bi,j'j(t) (9) 
N 
ai ,kak,j (10) 
S=-WH)CuXIX=Xf 
where bracketts indicate the jump of the 
temperature derivative at the front.8 di- 
mensionless form of the equations (l),(Z) 
can be written as: 
Tt=Txx 
the weight coefficients ai j and bi j are 
to be determined by imposi;g that siitably 
chosen test functions satisfy equation (8) 
in N points. This leads to systems of li- 
near algebraic equations in the unknown 
ai j.Powers of x and orthogonal polyno- 
mills have been proposed as test functions 
Here, following (Satofuka 1983,Kreiss and 
Oliger 1972). one assumes that the unknown 
function T(t,x) be expressed by a Lagrange 
type (N-l)-degree polynomial of the form 
s=-ACT I 
x X'Xf 
where X and T have been made dimensionless 
with respect to L and L2/u,respectively, 
and T is equal to (u-um)/(uref-urn). Here 
urn is the melting temperature, uref is a 
reference value and A is equal to 
(k/aPH)(uref -u,).Furthermore,the initial 
condition is To=T(O,x). 
A Lagrangian formulation of equation (3) 
can be readily obtained.Let XL(t) and 
x,(t) represent two points moving with t 
in the liquid and in the solid region 
respectively and let TL=TCt,xL(t)l and 
TS=TCt,xS(t)l.Equation (3) yields 
N 
T(t,x)= 
? J= 
Pj( 
where 
X)Tj(t) (11) 
x-X,)P(X,)l 
.J J 
(12) 
TL ttTL xxL=TL xx , 9 , in (O,xf) (5) 
and 
P(x)= 
k=l 
(13) ‘-‘k) 
it is pj(x i)=6j,i, and 
T tT 
s,t , 5 xXs=TS xx , in (xf,l) 
and equation (4) takes the form 
(14) s=-A(T -T 
s.x L,x)x=xf (7) 
Therefore equations (8) and (14) give 
N N 
whereas TLo=TL(O,xL) and TSO=TS(O,xS). 
Compatible boundary conditions are still 
to be imposed at x=0 and x=1, whereas 
TL(t,xf)=Tc(t,x,)=O.The Lagrangian formu- 
1ation;given above,will prove particular- 
ly suitable in connection with Bellman's 
solution procedure. 
(ximXk)I~IXj-Xk) ; i#j 
k#i,k#j k#j 
N 
l/(Xj_Xk) 
k#j 
(15) 
ANALYSIS 
Going back to the Stefan Problem, here 
both the liquid region and the solid re- 
gion are divided into N-l parts, by N 
equally spaced representative points 
between 0 and xf and N points in xf and 1, 
namely 
According to the D.Q.M. for solving par- 
tial differential equations of parabolic 
type. the first space derivative in N se- 
lected points of the domain are expressed 
as linear combinations of the values of 
the unknown function in the same points 
and the derivatives of higher order are 
determined accordingly.This means that, 
in the classic case of equation (3) for a 
single phase material,if the interval 
(0,l) is divided into N-l parts,and if T 
is a regular function of x, then at the 
i-th point 
xL,i=(i-l)xf/(N-l) 
i=l ,...., N (16) 
x,,i=(i-l)/(N-l)tC(N-i)/(N-l)lxf 
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where xL,~ and ~s,~ refer now to points 
in motion along x, since xf=s(t).Expres- 
sions (15) and (16) enable one to write 
the simple relations 
ai.j 
=A i,j/s(t) 
with 
N N 
Ai j=(N-l)n(i-k) lkvl(j-k) , k=l 
k#j k#i k#j 
N 
(17) 
I i#j 
(18) 
A j , j=(N-’ )k~l l/(j-k) 
for points in the liquid region, and 
=A ‘i.j , i j/cl-s(t)l (19) 
for those in the solid region.In (19) the 
A i j are of course given by the same 
exiression (lB).Therefore, in the liquid 
phase bi j 
phase bi ; 
=Bi,j/s2 and in the solid 
=Bi j/(l-s)2 , with 
, , 
It is immediately realised that the refe- 
rence points travel at speeds which are 
proportional to the speed of the melting 
front,s(t).Therefore.when the D.Q.M. is 
applied, equations (5),(6),(7),lead to the 
system 
N N 
iLid B T ij Lj-C(i-l)/(N-111A AijTLj 
(20) 
N u 
(21) 
N N 
c ANjTLj/slWl-s)* 
N 
(s2)'.=-2AC 
subjected to proper initial conditions.The 
boundary conditions on the original set of 
differential equations (5),(6) translate 
into assigned values of TL at xL,=O and 
xLN=xf,and'Ts at xsl=xf and xsN=l. 
Following this,the remaining 2(N-2)+1 
unknowns, i.e.: TLi(i=2..N).TS 
will be given by 2N-3 ordinary 
equations with assigned initia 
TLi(0), TSi(0), (i=2.....,N-1) 
given s(0). 
i(i=2..N),s, 
differential 
1 values 
and with 
RESULTS 
As already said,model equations (20).(21), 
(22) provide the thermal hystory of a set 
of points moving through the space domain 
at speeds which are proportional to the 
speed of the interface.As N->-the discrete 
description of the temperature field tends 
to the exact one in space (Satofuka 1983, 
Kreiss and Oliger 1972,Fornberg 1975). At 
this point application of the D.Q.M. has 
led,in a straightforward way.to an initial 
value problem.for which many practical so- 
lution methods exist. 
The first situation which is consodered 
here corresponds to a solid slab which is 
initially at the dimensionless melting 
temperature of zero.For t=O,the temperatu- 
re at x=0 is abruptly changed from zero 
to one whereas the temperature of the op- 
posite wak is kept zero.The melting inter- 
face starts,at t=O.from s=O and while the 
temperature in the solid region stays con- 
stant at zero,the temperature in the li- 
quid region is governed by equations (20). 
(21),(22) with TSi=O until xf reaches the 
unit value at the time t'.After t',the en- 
tire slab is melted and points xLi's do 
not move anymore.For this problem the 
temperature distribution in the liquid is 
given by the analytic.similar solution 
T(t,x)=l-Cerftx/2t*)/erfAl (23) 
#cendental where X is the root of the tras 
equation 
and the interface dispacement 
sCtJ=2htt 
(24) 
5 
(25) 
It is realized from equation (24) that a 
point moving with a speed proportional to 
s keeps its temperature constant and equ- 
al to the initial value.Returning to equa 
tions (20),(21),(22), they can now be re- 
duced to the form 
N N 
BijTLjlC(i-lJ/(N-l)lA 
(26) 
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N 
(s2)'=-2AxA .T 
j=l NJ LJ 
(27) 
since for t-0 s(O)=0 and all xi coincide 
the initial singularity in (26) can be ta- 
ken care of in the fourth order Runge-Kut 
ta solution procedure by an initial linea- 
rization.For a small At,and for a linear 
distribution of TL 
S(At)=(ZAAt r' (28) 
TABLE 1. [:i Present Results 
txact Solution 
(3) Relative trror EN 
(1) 
N=9 0.85903 0.85910 
0.71982 0.71988 
0.58389 0.58396 
0.45274 0.45285 
0.32777 0.32789 
0.21009 0.21020 
0.10061 0.10069 
N=7 
0.81232 
0.62879 
0.45292 
0.28779 
0.13613 
0.81242 1.2xlo-4 
0.62881 2.8~16~ 
0.45285 1.5xlo-4 
0.28780 4.oX1o-5 
0.13624 8.0~16~ 
N=5 
0.71996 0.71988 1.1x1o-4 
0.45288 0.45285 6.0~16~ 
0.21017 0.21020 1.4xlo-4 
By these hypotheses,th 
tion of the set (26-28 
For A=1 and At=O.Ol,ta 
sults obtained,at t=O. 
the exact ones.For var 
the error EITiexact-Ti 
also given. 
e numerical integra- 
)can be carried out. 
ble 1 shows the re- 
4,in comparison with 
ious N the value of 
I/T iexact'=EN is 
t=O.TL1 changes from 0.1 to 1 and TSh pas- 
ses abruptly from -1 to -0.5.It is initial 
ly s=O.l, whereas the final value will be- 
s-0.67.The set (20-22) was solved for A=1 
and for N=5.7,9 and the solutions conver- 
ged rapidly at increasing N. Fig.2 shows 
the temperature profile at t=0.3, for N=9, 
while fig.3 gives the front speed versus t 
fig. '3 
fig. 1 
Figure 1 shows,for A=1 and N=g,the locati- 
on and the speed of the melting front for 
t between zero and the time when the front 
reaches the wall at x=1. 
Problem two corresponds to a slab where,at 
0 0.4 0.8 1.2 t 
As a conclusion, it can be said that the 
differential quadrature method provides 
an easy to apply, fast procedure for sol- 
ving satisfactorily the partial differen- 
tial equations of the parabolic type, also 
in the case of moving boundaries, where 
more sophisticated procedure usually re- 
quire a great computational effort and 
cumbersome technique. 
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